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Abstract

In this paper we deal with TU games in which cooperation is restricted by means
of a weighted network. We admit several interpretations for the weights of a link:
capacity of the communication channel, flow across it, intimacy or intensity in the
relation, distance between both incident nodes/players, cost of building or main-
taining the communication link or even probability of the relation (as in Calvo et
al., 1999). Then, accordingly with the different interpretations, we introduce several
point solutions for these restricted games in a parallel way to the familiar environ of
Myerson. Finally, we characterize these values in terms of the (adapted) component
efficiency, fairness and balanced contributions properties and we analyze the extend
to which they satisfy the stability property.

Key words: TU-game, weighted graph, Myerson value, fairness, balanced
contributions, stability.
1991 MSC: 91A06,91A12.

1 Introduction

A cooperative TU game describes a situation in which several actors can obtain
certain transferable payoffs by means of the cooperation. Mathematically a TU
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game is a set of players and a characteristic function that assigns to each subset
of players (coalition) a real number representing the worth of the coalition.

In this paper we deal with TU games in which the cooperation is restricted by
means of a weighted network. The seminal work on games in which restrictions
in the cooperation are given by a graph is debt to Myerson (1977). He assumed
that the nodes in the graph are the players in the game, each link representing
a direct bilateral communication channel. From this starting point, he defined
the graph-restricted game and proposed as a point solution for players in this
environ the so called Myerson value, i.e., the Shapley value of the restricted
game. Moreover he characterized this value in terms of components efficiency
and fairness. Later, Myerson (1980) gave another characterization of his value
substituting fairness by balanced contributions.

In the Myerson model, bilateral restrictions in the communication are di-
chotomous: they exist or they do not. Nevertheless, as has long been appre-
ciated, each direct connection can be only partially limited. This leads to use
a weighted graph as a model of the restrictions in the communications. A
weighted graph consists of a set of nodes and a set of links, each link having
an associated weight, a non-negative real number that can be interpreted in
different ways: the capacity or the capability of the communication channel,
the flow across it, the degree of intimacy, intensity or frequency if the link
represents a social relation, the distance between both incident nodes, or even
the cost of building or maintaining the communication link. Calvo et al. (1999)
introduced a probabilistic model in which the weight of a link is the probabil-
ity of to establish the relation, these probabilities being independent. Later,
Goémez et al. (2008) generalized this probabilistic model dropping out the
independence hypothesis. In a related context, Jiménez-Losada et al. (2010)
consider cooperative TU games with Choquet players in which the restrictions
in the communications are modeled using an (undirected) fuzzy graph?!.

In this paper we introduce point solutions for games with restrictions in the
communications modeled by a weighted graph, following a parallel way to the
familiar territory of Myerson.

In a TU game, each set of players is able to obtain its total dividend (Harsanyi,
1959). The Myerson underlying idea is that, under restrictions in the commu-
nications every coalition that can be connected in the graph (eventually using
intermediaries) obtains all its dividend in the game. Otherwise, i.e., in absence
of connectedness, its dividend vanishes. And thus, the binary framework of
communication is projected in an all or nothing possibility of obtaining the
dividend. Nevertheless, the weighted graph introduces a non dichotomous but
fuzzy scheme of relations. In accordance with this, we propose to consider a

! For details on fuzzy graphs, reader can see Mordeson and Nair (2000)



weighted-graph game in which players weighted-link connected obtain a part
but not all their dividend and the lack of connectedness leading, of course,
to loose the dividend. We introduce several forms of calculating this fraction
of the dividend taking into account various alternative interpretations of the
weights. Then, we use the Shapley value of the corresponding weighted-graph
restricted game as an appropriated solution concept for this situation and we
characterize it in terms of the (adapted to this framework) component effi-
ciency, fairness and balanced contributions properties. Finally, we explore the
extent to which the defined values satisfy the stability property.

The remaining of the paper is organized as follows. In Section 2 we introduce
some notation and preliminaries; in Section 3 we define the weighted-graph re-
stricted games and the different extensions of Myerson value accordingly with
the various interpretations of the weights. Section 4 is devoted to characterize
the defined values. In Section 5 we deal with the stability property and the
paper ends with a section of final remarks and conclusions.

2 Preliminaries

A cooperative n-person game or a TU-game is a pair (N,v), N = {1,...,n}
being the set of players and v, the characteristic function, a map v : 2% — R
satisfying v(0)) = 0. For each coalition S C N, v(S) represents the transferable
utility that S can obtain whenever its members cooperate.

We will note GV the set of all TU-games with players set N. It is easy to see
that GV is a vector space. The game (N, ug), ) # S C N, with characteristic
function given by:

1, iftScT

us(T) =
0, otherwise

is known as the unanimity game corresponding to S. The family of all games
{(N,ug)}prscn is a very usefull basis of GV. As a consequence, the charac-
teristic function v of every game in GV can be written as a linear combination
of unanimity characteristic functions:

v = Z AU(S)US

0#£SCN

The coefficients (coordinates) of v in such a basis are known as Harsanyi
dividends (Harsanyi, 1959). The worth of every coalition S can be written in



terms of its Harsanyi dividends. For each S C N, S # 0:

u(S)= Y AT).

0£TCS

A very popular point solution for TU-games is the Shapley value (Shapley,
1953), which assigns to every player the following convex linear combination
of his marginal contributions to different coalitions:
—s—1)ls!
Shi(N,v)= 3 (nS')S(U(SU{i}) —u(S)), i€N.
SCN\{i} n:

An alternative expression for this value in terms of the dividends is:

A,(S)
sl

ShZ(N, ?J) = Z

1ESCN

A graph or a network is a pair (N,v), N = {1,2,...,n} being the set of nodes
and 7 a subset of vy = {{4,j},i,7 € N,i # j}. Each link {7, j} € 7 represents
a direct relation or a communication channel between ¢ and j. I'N denotes the
set of all graphs with nodes set V.

Given a graph (N,~v) € TV, we will say that two nodes 7 and j are directly
connected in v if {4, j} € 7. And we will say they are connected in =y if it exists
a sequence of nodes iy, is,...17; with iy = ¢, iy = j such that {i;,4.1} € 7,
forl=1,...,k—1. A set S C N is connected in v if every pair of nodes in
S is connected. A connected component, C, of the graph (N, ) is a maximal
connected subset. That is, C' is connected and, for all ¢/ € N, if C' C C" and
C # ', then, C" is not connected. A graph (N, ) induces a partition N/v of
the set IV in connected components.

Given a set S C N and a graph (N, ), the restriction of the graph v to the set
S is the graph (S, v4). We will note S/~ the set of the connected components
of S'in (S,74). A subgraph of a graph (NN,~) is a graph (N,v') with v C 7.

Given a graph (N,v) and a link [ € 7, (N,~ \ {l}) is the subgraph obtained
when the relation [ is severed and (N,~_;) is the resulting subgraph when all
the incident in ¢ links are broken and then 7 becomes an isolated node in the
resulting graph.

Given (N,v) € 'V and (R, 7)), its restriction to R C N, we will call connec-
tion subgraph of S C R in (R,7,) to each graph (D(n),n) such that:

i) n C 7, and S is connected in 7

it) D(n) = {i € N sucht that it exists j € N with [ = {i,j} € n}



A connection subgraph of S C R in (R, 7,,) is minimal if there is no other con-
nection subgraph (D(n'),n’) of S in (R,~,) with ' & 7. Given a graph (N, )
and S C R C N we will denote CG(S, R,~) (respectively, MCG(S, R,7)) to
the family of all (minimal) connection graphs of S C R in (R, ;).

A communication situation is a triple (N,v,v), (N,v) being a TU game and
(N,~) a graph. The set of all communication situations with players-nodes set
N will be noted CSY. An allocation rule ¥ on CS" is a map 1 : CSY — R,
¥;(N,v,7) representing the outcome for player i in game (N,v) given the
restrictions in the communication imposed by the graph (N, ).

The Myerson value (Myerson, 1977) is the allocation rule x4 on CSY defined
by:

p(N,v,v) = Sh(N,v"), where v7(S5) = X eg/, v(C), for all S C N.

Myerson (1977) characterized this allocation rule in terms of component ef-
ficiency (for all C € N/v, Yicopmi(N,v,v) = v(C)) and fairness (for each
l= {27]} € ’vai(Nav77) _¢i(N7Ua7\{l}) = "/}j(va”y) —%ij(NaUﬁ\{l}))-
He also characterized (Myerson, 1980) this allocation rule in terms of com-
ponent efficiency and balanced contributions (given i,j € N, ¥;(N,v,~) —

¢i(N7U7’7—j) = ¢j(N7U7’7) - ¢j(N’U77—i>>'

3 Values for weighted communication situations

In this section we admit several interpretations for weights in a graph and
we accordingly define several weighted-graphs restricted games for players in-
volved in a TU game with restrictions in the connections given by such a
weighted network. Finally, we propose several values that generalize the clas-
sical Myerson one.

3.1 Weighted graphs

Definition 3.1 A weighted graph or a weighted network is a pair (N,7y),
N ={1,...,n} being a set of nodes and v, = {7, {wi}icy}, with v € TV and
the weights w; > 0, for all | € v. We will denote TY the set of all weighted
graphs with nodes set N.

The weights w; in a weighted network can admit many different interpreta-
tions. If the network is viewed as a model of communications or transport
among its nodes, weights can be interpreted as the capacities of the com-
munication channels and then, we would assume w; € (0,1] for all I € ~.



Alternatively, weights can be viewed as flow values in the network and so
w; € [0,00) (or w; € [0, k], if we suppose that each channel has a bounded
flow). Sometimes, the network will describe the social relations among actors
and in this case, a reasonable meaning of weights is that they measure inten-
sity, intimacy or frequency of bilateral relations. So, for that situations, we
will assume w; € (0, 1]. Weights can also represent distances between nodes or
even costs of to create or to maintain links. In this last case, w; € [0, 00), for all
[ € . Calvo et al. (1999) propose to interpret each weight as the probability
of the corresponding relation and to assume the links independence.

We will say that two nodes i,j € N are directly connected (connected) in
the weighted graph (N,~,) if they are directly connected (connected) in the
graph (NN, 7). As a consequence, the set of connected components in (N, 7,),
that we will call N|~,, coincides with N|~.

We will note (N,7,\{l}) the weighted subgraph of (NV,7,) given by
(N, ("\{1})u\fw}) in which all the links " # [ have the corresponding weight
in (N, 7,). We will also note (N,~, ¥) the weighted subgraph obtained from
(N, 7vy) when deleting all the incident in k links and, obviously, its associated

weights, i.e., (N, 7, %) = (N, (V=8 fwrhien_, )-

3.2 Weighted-graph restricted games

Definition 3.2 A weighted communication situation is a triplet (N, v,7y,) in
which (N,v) a TU-game and (N,~,) is a weighted network, the nodes in the
network being the players in the game.

In accordance with the different meanings of weights, we can distinguish four
particular families in WCS™, the set of all weighted communication situations
with players set N: the classes WCSN¢, WCSN4 WCSNT and WCSNP| re-
spectively including the c-weighted communication situations (c for capacity)
in which weights represent capacities of channels or intimacy in the relations,
the d-weighted communication situations (d for distance), the f-weighted com-
munication situations (f for flow) and the p-weighted communication situations
(p for probability).

Definition 3.3 Given (N,v,7,) a weighted communication situation, we de-
fine the weighted-graph restricted game as the TU-game in G with charac-
teristic function:

(S) = 3 v (R)

ReS|y



where for R € S|y,

V(R) = Y A(T)of ({w}),

TCR

o ({w;}) € [0,1] being the proportion of the dividend A, (T) that the coalition
T C R retains as a consequence of the communication channels capacities, or
because of the difficulties to establish connections created by costs, distances
or flows, or because of the intensity or frequency in the relations. When there
is no ambiguity with respect the weights {w;}ie, we will simplify the notation
writing oft instead of aff({w;}).

For each interpretation of the weights w;, | € ~v we will try to define this
ol for T C R in a consistent way. Let {n; ", n3 ", ...,nz}g}:Mcg(T, R,v)?
the family of all minimal connection graphs of T C R in (R,,). Then we
propose:

o If (N,v,7,) € WCSN<, w; represents the capacity or the intensity or the
intimacy of link l. Then:

= i:E.l.z.%i%R) lg}pR{wl}, for |T| > 1, and off =1, otherwise.
In the previous expression it is assumed that the possibilities of communi-
cation or transport are bounded by the capacity of the channel (the minimal
capacity of its links). If several alternatives are available for players, then
they will prefer the one in which the minimal capacity is maximal. Sim-
tlarly it seems natural to assume that the intimacy or confidence among
several actors is at most the minimal of the bilateral ones. When a set of
actors want to relate themselves they choose among the possible interme-
diaries those ones such that the minimal total intimacy (or confidence) is
mazimal.

o If (N,v,7,) € WCSN4, w, represents the distance between the two incident
nodes in the link | or the cost of to create or to maintain this link. Then:

1
R R .3
=  max _— or |T| > 1, and ot = 1, otherwise® .
T awm |1+ Z w | for [Tz 1, r ’
lEniT’R

2 The same definitions will be obtained if, instead of MCG(T,R,v), we use
CG(T, R,~) or even any subset of CG(T, R, ) containing MCG(T, R,~). For details,
see Gomez et al. (2004).

3 Besides a? depends on the meaning of the weights, this dependence will be no-
tationally ignored.



Here, we assume that the communication possibilities decrease with the dis-
tance or the cost. If several minimal connection graphs are available, then
the geodesic (minimal total distance) or minimal cost ones are preferred.

o If (N,v,7,) € WCSNJ, w; represents the flow between the two incident
nodes in the link [. Then:

1 .
ot = max ————— &, for|T| > 1, and o =1, otherwise.
i=1,..t(R) | 1 + maxwy
1 T,R
en;

Here, we assume that the communication possibilities decrease with the flow
(or the traffic intensity). If several alternatives are possible then the one in
which the traffic jam is minimal will be preferred.

o If (N,v,7,) € WCSNP, we are in fact considering the model in Calvo et al.
(1999), and thus:

t(R)
af = I w—=> [I wy + - -+ (1)1 I w
=1 len?’R i<j ZEniT,R U n?",R leU;(:Ri) T)JT’R

for |T| > 1, and of =1, otherwise.

In this case, oft can be interpreted as the probability of connecting T with

links between members of R in a random selected graph with independent
links which probabilities are the weights.

Remark 3.1 The Myerson approach can be considered as a particular case
of each one of the previous situations. In fact, if for (N,v,7v,) € WCS™<,
w; =1 for alll € v, so that the capacities are not restricted, then we find the
un-weighted graph case of Myerson. Analogously, for (N,v,7,) € wesh4,
the case of null distances or costs leads to the Myerson model. Similarly, for
(N,v,7) € WCSNY the case of null flow or traffic intensity gives the My-
erson model. Finally, it is known that probabilistic communication situations
generalize the deterministic case of Myerson in which links are dichotomous.
In all of these cases, given a weighted communication situation (N,v, ), for
all T C R C N with R connected in vy, ot = 1 holds. As a consequence, CSY,
the set of all determinist communication situations can be viewed as a subset

of wesNe, wesSN4 wWeSN and WCSNP.

Remark 3.2 The given definitions of oft are consistent also with the idea of
continuity in the following sense. Given (N,v,7,) and (N,v, (v, \ {{*})) €
WCSNe (or € WCSNP), then for all T € R C N, aff({w;}) — afi(w \ {wy})
if wye — 0. Similarly given (N,v,7,) and (N, v, (v, \ {I*})) € WCSM4 (or
e WCS™Y ) then, for all T C R C N, af({w;}) — afi(w\ {w-}) if wye — co.



In the next propositions, given a weighted graph, we obtain the corresponding
restricted game for each unanimity one.

Proposition 3.1 Let (N,ur,v,) € WCS™¢, T C N. If MCG(T,N,~) =
{nf, ... ,771%\,)}4 and B,r = miny., r{w} fori=1,...,t(N), then:

)
i) u}w = ZﬁmTuD( me{ﬁn G) T}uD(nTU,7 +---+
i=1

1<j

—1)V)-1
+(—1) _ 11}11}1 {Byrtu P,

’L

, Aif |T| > 1 and MCG(T, N,~) #

(1)
i) urt =0, if |T| >1 and MCG(T,N,~) =1

i) u) =ur if |T] = 1.

Proof: To prove i), consider S C N. If T" ¢ S then, by the definition of
up’ up’ (S) = 0 as no coalition with dividend different from zero is contained
in S. On the other hand, the set of nodes of each minimal connection graph
of T'in N contains by definition all nodes in 7" and thus the characteristic

function in the right hand term of (1) evaluated in S gives also 0.

Let us then consider the case in which S C N is such that 77 C S and S
is connectable in v, i.e., S is a subset of a connected component of N in 7.
If S is not connectable in 7, we would consider the intersection R of S with
the connected component of N in v containing 7" and we would suppose that
this intersection still contains T'. Otherwise the previous reasoning applies
and both members in (1) apphed to R give zero. So, let us suppose that
MCG(T, S, ~) = {n°,. nt(s} Of course MCG(T,S,v) € MCG(T,N,~).
Then,

up (9) = az({w}) = max lg?}s{wz}
and, assuming without lost of generality that an’S, . ,nz’g) are ordered so that
ﬁTS</8TS< <6T757
My(s)
t(N)
(Zﬁnfu Zmln{ﬁn 75 T}uD TUnT) + -+
i=1 i<j
+(—1)tM-1 r,m,ﬁzv){ﬁ rhu O T))(S> —
£(S)
= (Zﬁnr,suD(n_Ts Zmln{ﬁ T.s ﬁTs}uD )_|_..._|_
i=1 v i<y
+(—1)t(s) 1 mln {8, Ts}u ) s )(S) =
7 7t(S l lnz )

1 As we consider the minimal connection graphs of 7" in (N,~), we simplify the

notation using 77 instead of nir N



= Zﬁ s — Zmln{ﬁ rs G, :rs} +- (= 1)t(s)_1i mins {Bmcrs} =

i<y =1,...,t(5)
#(S) #(S)— t(S)—2 : 1 :
t — t —
= Zﬁnr,s— Z ( (5) ) Ts—I— Z < (%) - Z) ﬁn_T,s—l—. . .+(—1)t(5)*1 Z ( (5) Z)ﬁnr,s =
=1 i=1 1 i —A\t(S)—1)
t(S)—1 t(S) L
(t(S) — (t(S) —2 (1
= B,rs Z (—1)J< ). >+ﬁn§,s Z (—1)]( ( , >+---+BmT(Ss) 1Z(—l)ﬂ( )*%; =
Jj=0 J j=0 J =0 J
=0 = A Pt = e s
t(S)—k B
as > (—1) <t(S)‘ k) =0, foral k=1,...,t(5) — 1.
j=0 J
The proof of ii) and i) is trivial. |

The proof of the next propositions follows the steps of the previous one and
then it is omitted.

Proposition 3.2 Let (N,ur,v,) € WCS™, T C N. If MCG(T,N,~) =
{nf,...,nt )} and B = 1+lee — Jori= 1,...,t(N), then

t(N)

Z) U%w — 2677?UD(77¢T) — Zmin{ﬂnz, anT}uD(mTUan) + -4

i<j

+(=D"™ min {Brtu vy o, if [T] > 1 and MCG(T,N,~) # 0

¢ DU 20T

i) up =0, if |T| > 1 and MCG(T,N,~) = (
i) urt =up if |T| =1

Proposition 3.3 Let (N, ur,v,) € WCS™ T C N. If MCG(T,N,~) =

T _
{nl,...,nt }andﬁT—mew—l JE(IN), then
i) up = Zﬁnqu( z:mln{ﬁ,7 , B T}uD(n:rU,7 4+ -+
=1 1<J

t(N)—-1 :
(=DM min {80 }u DU, 7y

if |T| > 1 and MCG(T, N,~) # 0
i) upt =0, if |T| >1 and MCG(T,N,~) =0

i) upt =uyp if |T| =1
Remark 3.3 The Myerson graph restricted game can be viewed in the present

context as the special case in which all the weighs are equal to one, if we
interpret weights as capacities or intimacies, or equal to zero if we interpret

10



them as costs or flows. Then, a direct consequence of previous propositions is
that, when R is connected in (N,~,) and w; =1 for alll € v (w; = 0 for all
[ € 7, respectively), every coalition T C R receives the total dividend A,(T)
(i.e., ot = 1) in the weighted-graph restricted game. And thus :

v (S) = Y v (R) = D D AMaf{w)) = Y. D A

ReS|y ReS|yTCR ReS|yTCR

ReS|y

for all S C N, and then, in these cases the weighted-graph restricted game
coincides with the classical graph restricted game (Myerson, 1977).

Remark 3.4 If (N,~,) is a weighted network in which, for each I € 7, w
1s interpreted as the probability of a direct relation between its two incident

nodes, and these probabilities are considered as independent (as in Calvo et
al., 1999) then, for R connected in vy and T C R:

?ZZ I w-> 11 wy + - A4 (= 1) I w

T,R 1 <] T,R T,R
ten, "= ten " Un; ey "

for |T| > 1, and of =1, otherwise.
R

In this case, o can be interpreted as the probability of connecting T with
(independent) links between members of R selected with the described random
scheme.

3.3  Myerson values for weighted-graph restricted games

Definition 3.4 An allocation rule v» on WCSY is a map v : WCSY — R™,
»i(N,v,v,) representing the outcome for player i in game (N,v) given the
restrictions in the communication imposed by the weighted graph (N, ~,).

Definition 3.5 The Myerson value for c-weighted communication situations
is the allocation rule v°¢ defined on WCS™ as 1°(N,v,v,) = Sh(N,v™)

Analogously we can define the Myerson value ¢ for d—weighted communica-
tion situation, the Myerson value ¢/ for f —weighted communication situations
and, of course, 1P that coincides with the probabilistic Myerson value of Calvo
et al. (1999) for p—weighted communication situations.

Remark 3.5 The classical Myerson value is the restriction of ¢ to the set
of those c-weighted communication situations in which the capacities are all
equal to 1. Similarly, for ¢ (W7) and distances or costs (flows) equal to zero.

11



3.4 Some Examples

Example 3.1 (Weights are distances or costs).

Let us consider the following weighted communication situation (N,v,Y.)
in which N = {1,2,3,4,5}, v = upg and 7, is given in the Figure 1.

Figure 1.

We will assume that link weights are distances or costs and then, we will
calculate p*(N,v, 7). We have that MCG(N,{1,3},v,) = {m = {a,b},m2 =
{c,d,e},ns ={f}} and thus:

u?fs} = By () +na D (o) B tn (ns) —10I0{ By, By YDy o) =m0 By, B YD (yume) —

. ) 1 1
- mm{ﬂrh, an}uD(nzuns)""mm{ﬂma Bs» 5n3}UD(n1Un2un3) = mu{l%}‘i‘ 140 7“{1345}+

1 1 1 1 1
T R e e e e G el o
and then

+

5
U{12345}

1N, v, 7w) = Sh(N, u}y,) = (0.2903,0.0044, 0.2903, 0.0016, 0.0016).
Example 3.2 (Weights are capacities).

> We simplify the notation writing {13} instead of {1,3} and so on. Moreover, we
can see here a difference with the case of the Myerson restricted game. In that
case, if there are several alternative paths to connect 1 and 3 but these nodes
are directly connected, all the remaining paths are ignored. In this new approach,
this occurs only when the direct path is geodesic among all the possible paths.
Otherwise, the nodes in shorter paths are rewarded because their contribution to
the communication shortening the distance between 1 and 3

12



Consider the following weighted communication situation (N, v, v,) € WCSN*
where N = {1,2,3,4,5}, v = wupg and v, is given in the Figure 2.

Figure 2.

We will calculate p(N,v,vy,), i.e., the value of different players when the game
1s to connect players 1 and 3 taking into account the capacities of the existing
communication channels. Of course, MCG(N,{1,3},v,) coincides with the
one i the previous example and thus:

u?l%} = By Un (1) FPna WD (2) s UD (o) —min{ By, By, }uD(mUm)_min{Bm? Bns }uD(mUn'&) -

- min{ﬁﬁw ﬁnS}UD(mung)—i-miH{ﬁm, 67]2 ) /BT]3}UD(771UT]2U773) = O.2U{123}+0.2U{1345}+
—|—0.1U{13} — 0.2U{12345} — O.1U{123} — 0.1U{1345} + 0.1U{12345} 6

and then

(N, v,vy) = Sh(N, uzll“?)}) = (0.0883,0.0133,0.0883,0.005,0.005).

4 Characterizations of the weighted Myerson values

In this section we introduce two characterizations of the Myersons value for
weighted-graphs communication situations that generalize the corresponding
ones for the unweighted case.

6 We can see here too a difference with the case of the Myerson restricted game. In
that case, if there are several alternative paths to connect 1 and 3 but these nodes are
directly connected, all the remaining paths are ignored. In this new approach, this
occurs only when the direct path has the greatest capacity among all the possible
paths (the capacity of a path being the minimum of its links capacities).
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Definition 4.1 An allocation rule ¢ defined on WCS™ satisfies component
efficiency if, for all (N,v,v,) € WCSY and for all C € N\,

Z%‘(N,U,Vw) =" (C) for alli € C.

ieC

Definition 4.2 An allocation rule ¢ defined on WCSY satisfies fairness if,
for all (N,v,7,) € WCSY and for all | = {i,j} € 7,

¢i(Nv v, Vw) - wz(Nv v, ’Yw\{l}) = %‘ (Nv v, ’Yw) - %‘ (Nv v, ’Yw\{l})

Definition 4.3 An allocation rule v defined on WCSY satisfies the balanced
contributions property if, for all (N,v,v,) € WCSY and for all i,j € N,

wi(Navaf)/w) %(N v 7w ) %(N v ’Vw) wj(Navafyw_i)'

Theorem 4.1 The Myerson value for c-weighted communication situations,

ue, is the unique allocation rule on WCS™“ satisfying component efficiency

and fairness.

Proof: First, we will prove that u¢ satisfies component efficiency. Let
(N, v,7,) € WCSN*. Given C' € N/v we have

ZM;(N,’Ua’Yw Z,UZ C U|6'7 ’yw |C ZSh U|C ’Yw |c) (U‘C)(’Yw)\c(c)
ieC ieC ieC

denoting (V)i = (7|C)w| , and because of the Shapley value efficiency. But,
(vj0) e (C) = (W”)(C)-

Second, we will prove that ¢ satisfies fairness. As it is obvious from def-
inition, p¢ is linear in the game, so it is sufficient to prove that u¢ satis-
fies fairness for weighted communication situation in WCS™¢ of the form:
(N, ur,vy), with T C N. If MCG(T,N,~) = {nF, ... ,ntT(N)}, then the char-
acteristic function u)* is given by:

HN)
ZﬁmTuD(n me{ﬁn ’BT}UD nfun’) Tt
i=1

1<J

NC(N7 UT/)/U)) - Sh(ZBnTUD Zmln{ﬁ 5 T}UD TUn + .+

=1 1<J



Suppose weighted link [ = {ig, jo} is severed. Then

k
LN ur, v \ {1}) = SR Byr upry — > min{B,r, B,r bupurugry + - - -
=1 J J T g

j<r

with MCG(T, N,y \ {1}) = {n},...,n.} being a subset of MCG(T, N,~).

Then the difference

(N, ur, ) — pE (N ur, Yo \ {1})

is a linear combination of the Shapley value of games up, with [ = {ig,jo} €
7. In fact, each 7 is necessarily a union of minimal connection graphs of T in
(N,~) in which, al least, one of them contains [. Of course, ig, jo € D(n) for
all these graphs n and because of the Shapley value symmetry the outcome of
both players iy and j, changes by the same amount.

Reciprocally, let us prove the uniqueness. Consider an allocation rule ¢ defined
on WCS™¢ and satisfying efficiency and fairness. We must prove that @) = pc.
The proof uses induction on ||. If |y| = 0, then each ¢ € N forms a component
in (NV,7), and then in (N, 7). As 1) satisfies efficiency in components, for all
i € N, i(N,v,7,) = v ({i}) = u$(N,v,v,) (last equality holding because
u¢ also satisfies component efficiency) and thus both allocation rules coincide.

Suppose now, by the induction hypothesis, that ¥(N,v,v,) = p(N, v, V)
for all weighted communication situations in WCS™¢ with |y| < k and con-
sider (N,v,v,) € WCSY* with |y| = k + 1. Let i € N and let C(i) be the
class in the quotient set N/v, = N/v = {C1,Cs, ..., Cy} to which i belongs.
If C(i) = {i}, then similar as in the case |y| = 0 above, by efficiency in
components 1;(N,v,7,) = v ({i}) = pf(N,v,7,) and thus both rules co-
incide in 7. Alternatively, suppose that |C'(i)] > 1 and let j € C(i), j # i.
By the definition of connected component, there exists a sequence of play-
ers iy = i,lg,13,...,0, = j with ¢ € C(i) for [ = 1,2,...,r and such that
{ir, 5141} € v, for each | = 1,2,...,r — 1. As 9 satisfies fairness,

wil (N, v, 7w> - Zﬂil (N, v, ’Vw\{ilv 22}) = wiz <N7 v, fyw) - wiz <N7 U, Vw\{ilv i2})7

and thus:

%'1 (N7 v, ’Yw) - wiz (Na v, ’Yw) = ’Qbh (Na v, ’Yw\{ily 22}) - szig (Na v, ,Yw\{ila Z2})

As || <k, using the induction hypothesis,
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wil (N7 v, ryw\{ih ZQ}) = :uqu <N7 v, ’Yw\{ilﬂ 7'2}) and
wiz (Nv U, ’Vw\{ih 22}) = :U“zqz (N7 U, ’yw\{ib 22})

and therefore:

wh (N7 U, wa) o ’QD@(N, v, wa) =
= 1/}2'1 (NJ v, %u\{il’ 22}) - ¢12<N7 v, ’)/w\{ila 7’2}) = :U’fl (N7 v, Ww) - /’LfQ (N7 v, %u)

the last equality holding because u¢ satisfies the fairness property. As a con-
sequence, 1/%1 (Na v, %u) - /chl (Nv v, wa) = wiQ (N7 v, ryw> - II"L102<N7 v, ’YU))

Iteratively using this previous reasoning, ©;(N,v,v,) — (N, v,v,) =
Vi (N, v, %) — p5(N,v,7) for j € C(i) and thus, there exists he) € R such
that ¢;(N,v,vw) — (N, v, %) = heg) for all j € C(i). Then,

|C(Z)|hC(l) - Z [¢j(N7v77W) - [L;(N)U)’Yw)] =
JeC(i)

Y V(N o) — D (N, v, ).

jeC(i) jeC(i)

By component efficiency of both rules ¢» and u¢, this last expression is equal
to zero and thus, hegy = 0 = (N, v, %) — 5N, v, 7) for all j € C(i) and
in particular for i, which completes the proof. [ |

Similarly we can prove the following results:

Theorem 4.2 The Myerson value for d-weighted communication situations,
u?, is the unique allocation rule on WCS™N? satisfying component efficiency

and fairness.

Theorem 4.3 The Myerson value for f-weighted communication situations,
w!, is the unique allocation rule on WCS™N7 satisfying component efficiency
and fairness.

Theorem 4.4 (Calvo et al., 1999, Th.1, pp. 87-89) The Myerson value for
p-weighted communication situations, uP, is the unique allocation rule on
WCSNP satisfying component efficiency and fairness.

The values u¢, u?, i/ and pP can be also characterized substituting the fairness
property by the balanced contributions one.

Theorem 4.5 The Myerson value for c-weighted communication situations,

ue, is the unique allocation rule on WCS™N® satisfying component efficiency

and balanced contributions.

Proof: It is already proved that p¢ satisfies component efficiency.
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As p€ is linear in the game, we only need to prove that u¢ satisfies balanced
contributions for weighted communication situation in WCS™* of the form:
(N, ur,vy), with T C N. If MCG(T,N,~) = {nF,... ,77%\,)}, then the char-
acteristic function u)* is given by:

t(N)
Z /BmTuD(mT)_Z min{ﬁmr, 67]],T}UD(771.TU7,JT)+' . .+(_1)t(N)+1
=1

i<j

: l,il(N){ﬂmT }UD(UE(:N) n?)

i=1,... 1

and thus

H(N)
pe (N ur, ) = Sh(z BniT“D(mT) - Z min{ﬁmT? /anT}UD(nZTUan) oot
—1

i= 1<j

CVEN)HL :
+(=1) z’=1{I..1.1,?(N){6 iT}uD(UESY)n?))'

Suppose jo becomes isolated, then the difference pf (N, ur,vw) —
15, (N, up, 7,7°) is a linear combination of the Shapley value of games up(
with i, jo € D(n). If ig becomes isolated, 5 (N, up, ) — w5, (N, ur, 7,%) is
the same linear combination of the Shapley value of the same games wup,)
with ig, jo € D(n). And by the symmetry of Shapley value these quantities
coincide.

The proof of the reciprocal mimics the one in Theorem 4.1 and so it is omitted.

[
Similarly we have:

Theorem 4.6 The Myerson value for d-weighted communication situations,
u?, is the unique allocation rule on WCS™N satisfying component efficiency

and balanced contributions.

Theorem 4.7 The Myerson value for f-weighted communication situations,
w!, is the unique allocation rule on WCS™Y satisfying component efficiency
and balanced contributions.

Theorem 4.8 (Calvo et al., 1999, remark 4.1, p. 89) The Myerson value
for p-weighted communication situations, pP, is the unique allocation rule on
WCSNP satisfying component efficiency and balanced contributions.

5 Stability

In this section we deal with the problem of determining the extent to which the
defined values satisfy (generalized) stability in the sense that if the underlying
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game is superadditive then, when varying the weight of a link, other things
been equal, the value of both incident nodes change in the appropriate way.

5.1 Stability of pu°

Given a weighted communication situation (N, v,7,) € WCS™M* we will as-
sociate to the weighted graph (IV,7,) a set of real numbers z;, and a set of
deterministic graphs (N,v), h = 0,1,...,r, where r < |y| will be the num-
ber of different values among the weights of links in (N, 7,). So let us define
2o =0, (N,7%) = (N,7) and for h =1,2,...;r

xp = min {w;} and v, = {l € v/w; > xp}.
l€vh—1

In the following Lemma we prove that for weighted communication situations
in WCS™N¢ the weighted-graph restricted game can be written as a positive
linear combination of deterministic graph restricted games.

Lemma 5.1 Given (N,v,7,) € WCS™* with (N,v) a zero-normalized game,
it holds that

r—1

U’Y’LU — Z(ajh+1 _ xh)v'yh7
h=0

where for h =0,1,....,r — 1, v" is the Myerson game associated to the deter-
ministic communication situation (N, v,yp).

Proof: Consider S C N and R € S|y, then

with
af

= ' for [T'| > 1
i:{?%ﬁm zngI,lR{wl}’ or [T = 1,

where {n]"", n3 ", ..., 773;’]?)} = MCG(T, R,~) is the family of minimal connec-

tion graphs of 7' C R in (R,7,). Let {ni’R, ng’R, s niTa’R} be the subfamily of
MCG(T, R,~) such that

ot = min {w;} for j = 1,2, ..., a.
lEng?R
J
r—1
To determine the coefficient that in » (11 — z)v"*(R) multiplies the divi-
h=0

dend A, (T), let us consider

k= max {h/ it exists nZ’R with ng’R C v, and T]Z’R ¢ ypy1 forall j =1, .., a} :
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Then, that coefficient equals to wgy 1 = gnin{wl} and so we only need to prove
€Yk

that aff = wy1. As it exists j* € {1,2,...,a} such that ng;R C v, we have

— . < . — R'
Wit = Win{wp} < lén_lTl}R{wz} oy
i

But if w1 < o then, for all [ € nT’R

’Lj* Y

Yi+1. And this contradiction with the definition of £ proves the result. |

w; > Wiy which implies [ € 77: ’*R -

Given a communication situation (N, v, ), the graph-restricted game (N, v7)
inherits the superadditivity of game v (Owen, 1986). So, as a direct conse-
quence of the previous lemma, we obtain the following result.

Corollary 5.1 If (N,v,7,) € WCSY* and (N,v) is a superadditive game,
then (N,v") is also superadditive.

Another consequence of the previous lemma is that we can calculate the Myer-
son value for c-weighted communication situations in terms of Myerson values
of appropriate deterministic communication situations. The proof is straight-
forward from previous Lemma and then it is omitted.

Proposition 5.1 Given (N,v,v,) € WCS™ with (N,v,) the zero-
normalization of (N,v), it holds that

r—1

(N0, vw) = D (@har — 2n) (N, vo, ) + v({i}) for alli=1,...n,
h=0

where for h =0,1,....7 — 1, u(N,v,7y,) is the Myerson value associated to the
deterministic communication situation (N, v,).

As a consequence of the following two lemmas we can establish the stability
of the Myerson value for c-weighted communication situations.

Lemma 5.2 Given (N,v,7y), (N,v, %) € WCS™N* with v a superadditive
game and such that it exists I* = {i, j} € v with wy < wj. and w; = wj for all
Ll e, L#1*, it holds that

M;(N7 v, ’Yw) S Mi(Na v, ’711/) fO’f’ k:%]
Proof: Changing w;= by wj. > w;+ some of the pairs (41, v,) for h =0, ...,r—
1 are modified. Suppose that w; = x; with ¢ < r (the case in which the

maximum weight, x, is increased is trivial) and let us consider six different
possibilities:

i) Several links have weight equal to w;« but wj. < ;1. In this case, in the
sequence (xpi1,7,) for h = 0,1,...,7 — 1 the pair (x4y1,7;) gives rise to the
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pair (wp., v U{l*}) and the (z:41,7:) itself, all other couples remaining equal.
And so, for k =1, j,

ME(N7 v, ’Vw’)_/vLZ(]\C v, ryw) - (wf* _‘Tt)lu’k(Nv v, /Ytu{l*}>+(xt+1_wg*)lu’k(N7 v, fyt)_
_(xtJrl - I't)/,l/k(N, v, f)/t) = (wg* - LE’t)[,LLk(N, U, Ve U {l*}) - :uk(Na v, ’Yt)] Z 0

as for k =1, j, p(N,v, v U{l*}) > up(N,v,7:) because of the stability of the
Myerson value for deterministic communication situations.

i7) Several links have weight equal to w;« but wj. = x4y1. Then, (Ti1, V)
transforms in (z441,7: U {{*}), the other pairs being unchanged and thus, for
k=1i,j,

ME(N,U,%/) —ME(N,’U,’}/U,) = ($t+1 _l.t)[ﬂk<N7v>ﬁ)/tU {l*}> _,uk(NavafYt)] > 0

again because of the stability of the Myerson value for deterministic commu-
nication situations.

i7i) Several links have the same weight wp but x4 < wj. < y419. Then,
the two pairs (z441,7) and (2442, V41) transforms in the three pairs (z},, =

Ter1, 7 = e U}, (x:€+2 = wf*?%ﬂ = Y41 U{l"}) and (x1,5+3 = It+2’7£+2 =
Ye+1), the rest of the pairs being transformed one to one. Then, for k = i, j,

MICc(Navu’yw') - :U’z(N7U7’Y’LU) -

= (@ — o) (N, v, %) + (0o — Ty (N, 0, 9540+
+(37;+3 - $2+2)Nk:(N> U, Vey2) = (Tep1 — 20 (N, v, ) —
—(Tey2 — Tep ) (N, 0, Ye11) = (Teq1 — ) (N, 0,9 U{T )+
H(wpe = ) (N, v, Yo UAT}) 4 (242 — wie) (N, v, Yeq1) —
=@ — ) (N, v,7%) = (Teg2 — Tegn) e (N, v, Y1) 2 0

as, because of the stability of Myerson value for deterministic communication
situations, for k =1, j,

,uk(Na v,y U {l*}) > :uk(Na v, fyt) and Nk(N7 U, Vi1 U {l*}) > :uk(N> v, 7t+1)'
iv) Only one link has weight equal to w; and wj. < x¢y1. Then (x4, v:-1)
change to (z} = wj.,v;_; = 1—1) and thus, for k = i, j,

M;(Nv v, ’Yw’) - ME(N, v, 'Yw) =

= (@} — 2 ) (N, v, o) + (@ — @) (N, v, 7)) —
—(xr — 2 ) e (N, 0, Y1) — (@1 — ) (N, 0, 71) =
= (Wi = Te—1) (N, 0, Y1) + (@1 — wp) (N, 0, 7) —
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— (@ — T (N, 0, Y1) — (@e1 — 2 pe (N, v, 3) =
= (w;* - xt)[“k’(N7 U, 'Yt—l) - :uk(Na v, /Yt)] >0
because of 7, = ;1 \ {{*} and the stability of Myerson value which implies
pe(N, v, v-1) > (N, v, ) for k=1, 7.

v) Only one link in v has weight equal to w; and wj. = ;. In this case
(24, ve-1) and (241, v = -1 \ {I*}) merge in (2} = w}.,7,_; = Y1) and thus,
for k =1, 7,
:U’z(Na U, fyw/) - IUZ(Nv U, 711)) =
= (wy =) (N, 0, 7,1) — (e =2 e (N, 0, Y1) = (T — ) pw (N, v, ) =
= (Tep1 =2 1) e (N, v, Y1) = (@ =21 (N, 0, Y1) = (T =20 i (N, v, 7 \{I7}) =
= (It-i-l - xt)[:uk(Nv U, ’Yt—l) - H’k‘(Na U; Mt—1 \ {l*})]
which is nonnegative as the stability of the Myerson value implies that
:U’k(N7 U, V-1 \ {l*}) < Nk(Na Ua%ﬁ—l) for k = Za]

vi) No other link has weight equal to w; and x4 < wj. < Zyyo. Then,
the pairs (x4,v-1) and (x441,7:) transforms respectively in (441, 7-1) and
(w2*77t = TVt+1 U {l*}) and thU.S, for k = i7j>

M;(vaalyw’) - ,UZ(N,U,%U) =

= (@1 =) (N, v, Y1)+ (W =) e (N, 0, 7) + (@2 —wp ) (N, 0, Ye1) —
—(@e—e-1) (N, 0, Y1) = (@1 =2 (N, 0, %) = (T2 —Ter1) e (N, 0, Yeq1) =
= (@1 =) (N, v, Y1) = [(@e—2e-1) 1 (N, 0, Y1)+ (@1 =2 (N, v, 3 = - \{U D]+
F(wp =21 (N, v, 7 = Ve U 1) (@ po—wp ) (N, v, Yeq1) = (Trpo =2 1) (N, v, Yi41) =
= (11 — ) [ (N, v, 7-1) — (N, 0,7 = -1 \{T" D))+
+(wpe = 1) [k (N, v, Y1 U = (N, 0,540
which is nonnegative because of the stability of Myerson value which implies
that for &k = 4,7, p(N,v,v) = (N, v,v—1 \ {I*}) < pue(N,v,%-1) and
/J’k(Nv U, ’VtJrl) < :uk(Nv v, 72) = /va(N7 U, Vi1 U {l*}> L

Lemma 5.3 Given (N,v,7,), (N, v, (yU{l*})w) € WCS™N* with w] = w; for
all 1 € v and v being a superadditive game, then, if I* = {i,j}, it holds that

(N, v, vw) < (N, v, (Y UL })wr) for k=ij.

Proof: The proof is similar to the previous one (but shorter) and so it is
omitted. ]

Theorem 5.1 The Myerson value for c-weighted communication situations,
e, is stable, i.e., if the underlying game is superadditive, adding a new
weighted link to a weighted graph or increasing the capacity of an existing

link the value of both incident nodes does not decrease.

Proof: The result follows iteratively applying both previous lemmas. [
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5.2 Stability of u'

The proof of the stability of x/ mimics the previous one on the stability of
u¢, but associating now to each graph (V,7,) in a communication situation
(N,v,7,) € WCS™ the set of real numbers 2, and the set of deterministic
graphs (N,~,) for h = 0,...,r defined by zy = 0, (N,7) = (N,~) and for
h=1,...r

1
TR = min { }
levnor L1+

and v, = {l € 'y/fwl > xp}. Then, we have:

Lemma 5.4 Given (N,v,7,) € WCSN with (N,v) a zero-normalized game,

it holds that
r—1

- Z(xh-‘rl _ xh)/U’Yh
h=0

where for h =0,1,....,7 — 1, v is the Myerson game associated to the deter-
ministic communication situation (N, v, ).

A direct consequence of the previous lemma is the following corollary.

Corollary 5.2 If (N,v,v,) € WCS™/ and (N,v) is a superadditive game,
then (N,v") is also superadditive.

Similarly, next proposition is straightforward from previous lemma.

Proposition 5.2 Given (N,v,v,) € WCS™ with (N,vy) the zero-
normalization of (N,v), it holds that

r—1

IU“{(N’U77M) = Z($h+1 - xh)luZ(Nv UOv’Yh) + 'U({Z}) f07” all i = 17 ey T
h=0

where for h =0,1,....,7 — 1, uw(N,v,~,) is the Myerson value associated to the
deterministic communication situation (N, v,7y).

Lemma 5.5 Given (N,v,7,), (N,v,7w) € WCS™ with v a superadditive
game and such that it exists I* = {i, j} € v with wy < wj. and w; = w; for all
L e, L#1* it holds that

/J“g(Na U, 'Vw) > Mﬁ(Na v, ryw’) for k:iij'
Theorem 5.2 The Myerson value for f-weighted communication situations,

w, is stable, i.e., if the underlying game is superadditive, increasing the flow
of an existing link, the value of both incident nodes does not increase.
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5.8 Stability of p?

Unfortunately, the proof of stability obtained for the cases u¢ and pu/ does
not hold for x? and it remains as an open problem. Nevertheless, the result is
easily proved if we strength the requirement on the game to be almost positive
(all dividends non negative).

Theorem 5.3 The Myerson value for d-weighted communication situations,
u?, is weakly stable, i.e., if the underlying game is almost positive, increasing
the distance or cost of an existing link the value of both incident nodes does

not increase.

Proof: Given (N,v,7,) € WCSY* the weighted-graph restricted game is
defined for each S C R as:

V() = > v™(R)

ReS|y

where for all R € S|,
V(R) = Y A(T)af ({w}),

TCR

with:

ol = }, for |T| > 1, and off = 1, otherwise.

f 1

max — =

i=1,.,t(R) "1 + E w;
len-T’R

k3

If the weighted communication situation (N,v,,) becomes (N,v,, ) with
I* ={i,j} € v such that w}. > w;» and w] = w; for all [ # I* then, for k =1, j,
and all S C N\ {k}, v (SU{k}) < v (SU{k}) and v" (S) = v (S) hold
and thus:

PHN, v, V) = Shi(N, v ) < Shp(N,v™) = (N, v, V).

6 Conclusions and final remarks

So far we have generalized the Myerson value to the framework in which di-
rect relations among actors are not dichotomous but fuzzy or weighted. As
the associated weight of a link can admit different meanings, we have adapted
the definition of the graph restricted game to take into account these differ-
ent interpretations. Then, the Shapley value of these weighted-graph games
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is used to obtain point solutions for different players. Classical properties and
characterizations of Myerson value are translated to the extent possible. We
have analyze the extent to which the stability of the Myerson value for deter-
ministic communication situations holds in this new framework. The stabil-
ity property is satisfied for weighted communication situations in which the
weights represent links capacities, intensity in the relations or flow. But when
we assume that weights measure distances or costs, the hypothesis of superad-
ditivity must be strengthened to almost positivity. In the way to obtain these
results we have proved that ;¢ and i/ can be calculated in terms of a linear
combination of the Myerson values of certain deterministic communication
situations.

The obtained results permit us to rank nodes in a weighted graph using a
game theoretical approach. For weighted graphs representing social networks
with different levels of intimacy in the relations among actors, the defined
value can be used to obtain a family of centrality measures for such actors.
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